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Abstract
The well known Eckart’s singular s−wave potential is PT −symmetrically regularized
and continued to the whole real line. The new model remains exactly solvable and
its bound states remain proportional to Jacobi polynomials. Its real and discrete
spectrum exhibits several unusual features.
PACS 03.65.Ge, 03.65.Fd
A deeper understanding of one-dimensional systems may be mediated by an an-






ψ(r) = E ψ(r), ψ(1) = 0. (1)
For one of the simplest particular models V (x) = ω x2+λ x4 the loss of hermiticity at
complex couplings proved more than compensated by the new insight in its solutions.
E.g., its spectrum is given by a single multi-sheeted analytic function of λ 2 lC
[1]. The same idea has been re-applied to the set of resonances in the cubic well
V (x) = ω x2+λ x3 [2]. In the cubic case it was surprizing to notice that the spectrum
En(λ) remains real for the purely imaginary couplings λ = i g. The rigorous proof
of this curious observation dates back to the late seventies [3]. It went virtually
unnoticed for more than ten subsequent years. The phenomenon only re-entered
the physical scene with Zinn-Justin and Bessis who, tentatively, attributed the strict
absence of decay ImEn(i g) = 0 to the mind-boggling real-symmetry-plus-imaginary-
antisymmetry of the cubic force in question [4]. They also performed a number of
numerical experiments, keeping in mind a paramount importance of this peculiar
symmetry in eld theory. There, it precisely coincides with the fundamental PT
(i.e., parity-plus-time-reversal) invariance. According to Bender et al [5] this new
type of symmetry might even replace the traditional requirement of hermiticity in
many phenomenological models.
Within the quantum mechanics itself the parallels between g x4 and i g x3 in-
spired the numerical and semi-classical study of the generalized anharmonic forces
V (δ)(x) = ω x2 + g x2(i x)δ with a variable real exponent δ [6]. Within the related
PT −symmetric branch of the \classical" quantum mechanics there appeared new
perturbation series [7] and quasi-classical approximations [8], a new implementation
of supersymmetry [9] and the new types of spectra [10].
Among all the dierent models with the PT −symmetrically broken parity one
may distinguish, roughly speaking, between its \stronger" and \weaker" violation.
The former group is formally characterized by the globally, asymptotically deformed
paths of integration in eq. (1). An illustration may be provided by the elementary
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ground-state wave function ψ(x) = exp (−i x3 + b x2) of Bender and Boettcher [11]
which ceases to be integrable on the real line of x. The integrability is only recovered
after we bend both the semi-axes downwards,
fx 1g −! fx = % e−i ϕg, fx −1g −! fx = −% ei ϕg
with % 1 and 0 < ϕ < pi/3. The wave function obviously corresponds to the quasi-
exactly solvable potential V (x) = −9x4 − 12bix3 + 4b2x2 − 6ix [11] and mimicks the
choice of δ = 2 in the family V (δ)(x). The further growth of δ > 2 would make
both the asymptotical ϕ−wedges shrink and rotate more and more downwards in
the complex plane.
The second group of the PT symmetric examples with a \weaker" parity break-
down does not leave the real axis of x at all (i.e., ϕ  0, cf., e.g., [12]). This admits
the more natural physical interpretation of the real physical coordinates. Such a form
of the P−violation has been also implemented in several numerical and perturbative
models. Their subclass which possesses elementary solutions is particularly instruc-
tive since it incorporates all the so called shape invariant one-dimensional models of
the ordinary quantum mechanics [13].
In both the groups of examples an overall PT symmetry of the Hamiltonian is,
presumably, responsible for its real and discrete spectrum [6]. Cannata et al [14]
were the rst to notice that one of the various limits δ !1 of the power-law models
with ϕ! pi/2−O(1/δ) becomes exactly solvable in terms of Bessel functions. This
re-attracted attention to the related strongly deformed contours [15]. More recently,
the same merit of an indirect formal parallel to the Hermitian square well has been
also found for the standard real contour. The related δ ! 1 wave functions even
degenerated to the Laguerre polynomials [16].
The latter unexpected emergence of the new exactly solvable model within the
generalized, PT −symmetric quantum mechanics encouraged our present study. In-
deed, exactly solvable models are obviously best suited for analyses of methodical
questions. In particular, the class of the PT −symmetrized shape invariant oscil-
lators [13] does not seem to dier too much from its Hermitian counterpart. For
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an explicit analysis of the details of this correspondence one may simply recall the
numerous explicit formulae available, e.g., in Table 4.1 of the review [17] or in the
original factorization constructions [18] and their Lie-algebraic [19], operator [20] or
supersymmetric [21] re-interpretations.
Seemingly, one cannot expect any interesting new developments in the exactly
solvable context. Fortunately, in the light of our recent remark on the spherical
harmonic oscillator [22] non-trivial innovations may be expected in the domain of
singular forces. Indeed, within the PT −symmetric quantum mechanics it is possible
to avoid some isolated singularities by a local deformation of the integration path.
In particular, a strong repulsion in the origin (so popular in some phenomenological
models [23] but fully impenetrable in one dimension) may be readily controlled by a
suitable choice of the cut.
In the present letter we intend to re-attract attention to the singular forces. In
eq. (1) we shall use the asymptotically real path of integration which is only locally
deformed and non-Hermitian. We shall show that this innovative approach enables
us to regularize the one-dimensional models via their suitable PT symmetrization.




− 2B cosh x
sinh x
with the strongly singular core. Usually attributed to Eckart [24], this model is
solvable on the half-line with x 2 (0,1) and, conventionally, A > 1/2 and B > A2
[17]. Its xed value of the angular momentum ` = 0 is in eect a non-locality
which lowers its practical relevance in three dimensions. Here, we shall study its
PT −symmetrized version with the purely imaginary coupling B = iβ. Besides the
obvious relevance of such an exceptional complexied model with a strong singularity
in quantum mechanics, an independent encouragement of our study is also provided
by its obvious phenomenological and methodical appeal in the context of eld theory,
especially in connection with the so called Klauder phenomenon [25].
The local deformation of the integration path will enable us to forget about the
strong singularity in the origin. This deformation will also admit the presence of the
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so called irregular components in ψ(x)  x1−A near x = 0. They would be, of course,
unphysical in the usual formalism [26].
For all these reasons we have to re-analyze the whole Schro¨dinger equation anew.
Our initial choice of the appropriate variables









is still dictated by the arguments of Levai [21]. Then we insert V (Eck)(x) in eq. (1)
and our change of variables leads to its new form
z(1 − z)ϕ00(z) + [c− (a + b+ 1)z]ϕ0(z)− ab ϕ(z) = 0 (2)
where
c = 1 + 2u, a + b = 2u+ 2v + 1, ab = (u+ v)(u+ v + 1) + A(1−A) (3)
and
4v2 = 2B −E, 4u2 = −2B −E. (4)
Our dierential equation is of the Gauss hypergeometric type and its general solution
is well known [27],
ϕ(z) = C1  2F1(a, b; c; z) + C2  z1−c 2F1(a + 1− c, b+ 1− c; 2− c; z). (5)
The rst thing we notice is that our parameters a and b are merely functions of the
sum u+ v and vice versa, u+ v = (a+ b− 1)/2. The immediate insertion then gives
the rule (a− b)2 = (2A− 1)2 and we may eliminate
a = b (2A− 1). (6)
We assume that our solutions obey the standard oscillation theorems [28] and become
compatible with the boundary conditions in eq. (1) at a discrete set of energies, i.e.,
if and only if the innite series 2F1 terminate. Due to the complete a$ b symmetry,
we only have to distinguish between the two possible choices of C2 = 0 and C1 = 0.
In the former case with the convenient b = −N (= non-positive integer) the
resulting numbers a + b and u + v prove both real. Using the denition of B the
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dierence u− v = −iβ/(u+ v) comes out purely imaginary. The related terminating






e(v−u)x  ϕ[z(x)] (7)
is asymptotically normalizable if and only if u+ v > 0. This condition xes the sign
in eq. (6) and gives the explicit values of all the necessary parameters,
a = 2A−N − 1, u+ v = A−N − 1, u− v = −i β
A−N − 1 . (8)
For all the non-negative integers N  Nmax < A − 1 the spectrum of energies is






= − (A−N − 1)2 + β
2
(A−N − 1)2 , N = 0, 1, . . . , Nmax. (9)
The normalizable wave functions become proportional to Jacobi polynomials,
ϕ[z(x)] = const.  P (u/2,v/2)N (coth x). (10)
Before we start a more thorough discussion of this result we have shortly to return
to the second option with C1 = 0 in eq. (5). Curiously enough, this does not
bring us anything new. Although the second Gauss series terminates at the dierent
b = c − 1 − N , the factor z1−c changes the asymptotics and one only reproduces
the former solution. All the dierences prove purely formal. In the language of our
formulae one just replaces u by −u in (and only in) both equations (7) and (8). No
such replacement applies to the polynomial (10) itself.
We may summarize that the new spectrum of energies seems phenomenologically
appealing. The separate N−th energy remains negative if and only if the imaginary
coupling stays suciently weak, β2 < (A−N − 1)4. Vice versa, the highest energies
may become positive, with E = E(Nmax) growing extremely quickly whenever the
value of the coupling A approaches its integer lower estimate 1+Nmax from above. In
this way, even a weak PT symmetric force V (Eck)(x) is able to produce a high-lying
normalizable excitation. This feature does not seem connected to the presence of
the singularity as it closely parallels the similar phenomenon observed for the PT
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symmetric Rosen-Morse oscillator which remains regular in the origin [13]. Also, in
a way resembling harmonic oscillators the distance of levels in our model is safely
bounded from below. Abbreviating D = A−N −1 = Aeffective > 0 its easy estimate







(useful, say, in perturbative considerations) may readily be improved to EN−EN−1 >
β2/D2 at small D  1, to EN − EN−1 > 2D at large D  1 and, in general, to an
algebraic precise estimate obtainable, say, via MAPLE [29].
Let us emphasize in the conclusion that the formulae we obtained are completely
dierent from the usual Hermitian s−wave results as derived, say, by Levai [21]. He
has to start from the regularity in the origin which implies an opposite sign in eq. (6).
This must end up with the constraint B > 0. Moreover, the size of B would limit
the number of bound states. In the present PT symmetric setting, a few paradoxes
emerge in this comparison. Some of them may be directly related to the repulsive
real core in our V (Eck)(x) with imaginary B. Thus, one may notice that the increase
of the real repulsion lowers the N−th energy. In connection with that, the number
of levels grows with the increase of coupling A. In eect, the new bound-state levels
emerge as decreasing from the positive innity (!). At the same time, the presence
of the imaginary B = iβ shifts the whole spectrum upwards precisely in the manner
known from the non-singular models.
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